For a 2-connected graph G on n vertices and two vertices x, y ∈ V (G), we prove that there is an (x, y)-path of length at least k if there are at least n−1 2 vertices in V (G)\{x, y} of degree at least k. This strengthens a well-known theorem due to Erdős and Gallai in 1959. As the first application of this result, we show that a 2-connected graph with n vertices contains a cycle of length at least 2k if it has at least n 2 + k vertices of degree at least k. This confirms a 1975 conjecture made by Woodall. As another applications, we obtain some results which generalize previous theorems of Dirac, Erdős-Gallai, Bondy, and Fujisawa et al., present short proofs of the path case of Loebl-Komlós-Sós Conjecture which was verified by Bazgan et al. and of a conjecture of Bondy on longest cycles (for large graphs) which was confirmed by Fraisse and Fournier, and make progress on a conjecture of Bermond.
Let k ≥ 3 be an odd integer and t be a positive integer. We construct a graph G as follows: starting from t disjoint copies of K k−1 2 ∨ K k−1 2 , we add two new vertices x and y followed by adding all edges between x, y and all copies of K k−1
2
. Notice that there are exactly |G|−2 2 vertices other than {x, y} of degree at least k, and each longest (x, y)-path in G is of length k − 1.
As the first application of Theorem 1, we confirm the following long-standing conjecture by Woodall [24] , which improves the famous Dirac's theorem [10] in very strong sense. For a graph G, the circumference c(G) is the length of a longest cycle in G.
Conjecture 1 (Woodall [24] ). Let G be a 2-connected graph on n vertices. If there are at least n 2 + k vertices of degree at least k, then c(G) ≥ 2k.
This conjecture was listed as one of 50 unsolved open problems in the textbook by Bondy and Murty (see [8, Problem 7, Appendix IV] ). It has attracted wide attention since then. In 1985, Häggkvist and Jackson [15] showed the conclusion in this conjecture holds if the graph G satisfies either of the following conditions: (a) G has at most 3k − 2 vertices and at least 2k vertices of degree at least k; or (b) G has at least 3k − 2 vertices and at least n − k−1 2 vertices of degree at least k. Li and Li [17] verified the conjecture for the case where n ≤ 4k − 6. If G is 3-connected, Häggkvist and Li (see [18] ) confirmed the conjecture for k ≥ 25. If we do not assume any further conditions, in 2002, Li [18] showed c(G) ≥ 2k−13 based on the concept of (k, B)-connectivity and vines of paths (see [23, 5, 21] ). It was remarked that "in [19] , our complete proof of the conjecture for k ≥ 683 was much longer" 1 . For other related results, we refer interested readers to a survey (see [20, Section 4] ). To authors' best knowledge, a complete proof of Woodall's conjecture for all k ≥ 2 is still open.
In this paper, we resolve Woodall's conjecture completely.
Theorem 2. Let G be a 2-connected graph on n vertices. If there are at least n 2 + k vertices of degree at least k, then c(G) ≥ 2k.
Using Theorem 2 as a tool, we can obtain a partial solution to a conjecture of Bermond [3] on circumference of a 2-connected graph. We refer the reader to Subsection 2.2 for details.
Besides a proof of Conjecture 1, Theorem 1 has other applications, including, for example, a Woodall-type Fan Lemma, and two generalizations of Erdős-Gallai Theorems on paths and cycles under an independent set condition, respectively. Moreover, with Theorem 1 in hand, we are able to present short proofs of Bondy's conjecture [6] for large graphs and Loebl-Komlós-Sós Conjecture for paths. We should point out that Fournier and Fraisse [13] verified Bondy's conjecture and Bazgan et al. [2] proved Loebl-Komlós-Sós Conjecture for paths. We will discuss details in Subsection 2.3.
Throughout this paper, all graphs are simple and finite. For a graph G and v ∈ V (G), the closed neighborhood N G [v] is the set N G (v) ∪ {v}. If S ⊂ V (G), then N S (v) := N G (v) ∩ S. Moreover, we use G[S] to denote the subgraph of G induced by S and G − S the subgraph of G induced by V (G)\S. If S = {v}, we write G−v instead of G−{v}. For a subgraph H of G, we define N S (H) = v∈V (H) N S (v). When there is no danger of ambiguity, for subgraphs H ′ and H of G, we use N H (H ′ ) instead of N V (H) (H ′ ).
For a path P and u, v ∈ V (P ), let P [u, v] be the segment of P from u to v. For a separable graph G, a block is a maximal non-separable subgraph of G, and an end-block is a block which contains exactly one cut-vertex of G. For an end-block B and a cut-vertex v ∈ V (B), every vertex in V (B)\{v} is called an inner-vertex of B. For s ≤ t, let [s, t] be the set of integers i with s ≤ i ≤ t. For those notation not defined here, we refer the reader to [8] .
The rest of this paper is organized as follows. All applications of Theorem 1 are included in Section 2. The section has three parts. In Subsection 2.1, we shall present a proof of Woodall's conjecture (assuming Theorem 1). In Subsection 2.2, we shall give a partial solution to a conjecture of Bermond on circumference of graphs with the help of Woodall's conjecture. In Subsection 2.3, we shall present several other applications of Theorems 1 and 2. The proof of Theorem 1 will be postponed to Section 3. In the last section, we will remark that a construction from Häggkvist and Jackson can disprove a conjecture of Li [20, Conjecture 4.14] and mention a conjecture generalizing Theorem 1.
Applications

Proof of Woodall's conjeccture
The goal of this subsection is to prove Woodall's conjecture (assuming Theorem 1).
Let G be a graph, C a cycle of G, and H a component of G − C. A subgraph F is called an (H, C)-fan, if it consists of paths P 1 , P 2 , . . . , P t , such that: (1) all P i have the same origin v ∈ V (H) and pairwise different termini u i ∈ V (C), 1 ≤ i ≤ t; (2) all internal vertices of P i are in H and P i 's are pairwise internally disjoint.
We shall first prove a Woodall-type Fan Lemma.
Theorem 3. Let G be a 2-connected graph, C a cycle of G, and H a component of G − C. If there are at least |H|+1 2 vertices in V (H) of degree at least k in G, then there is an (H, C)-fan with at least k edges.
. We construct a new graph H ′ from H by adding two new vertices x, y and with edge set
Obviously, H ′ is 2-connected. Furthermore, d H ′ (u) = d G (u) for any vertex u ∈ V (H). By Theorem 1, H ′ has an (x, y)-path of length at least k. Let P := xv 1 · · · v p y be such a path. Since v 1 ∈ N H (x 1 ) and v p ∈ N H (C)\N H (x 1 ), there exists y 1 ∈ N C (v p ) such that y 1 = x 1 . Thus, P ′ = x 1 v 1 . . . v p y 1 is an (x 1 , y 1 )-path of length at least k with all internal vertices in H. Such an (x 1 , y 1 )-path is an (H, C)-fan we seek.
Then H ′ is 2-connected. If t ≥ k, then obviously there is an (H, C)-fan of length at least k, which is a star. So, assume that t ≤ k − 1. Notice that every vertex in H of degree at least k in G has degree at least k − t + 2 in H ′ . By Theorem 1, H ′ has an (x, y)-path, say P = xv 1 · · · v p ′ y, of length at least k − t + 2. Observe that v p ′ has at least one neighbor on C, and v 1 has at least t ≥ 2 neighbors on C. Let y 1 ∈ N C (v p ′ ) and x 1 ∈ N C (v 1 )\{y 1 }. Thus, P ′ := x 1 v 1 . . . v p ′ y 1 is an (x 1 , y 1 )-path of G with all internal vertices in H. The path P ′ , together with all edges zv 1 with z ∈ N C (v 1 )\{x 1 , y 1 }, shall create an (H, C)-fan with at least k edges. The proof of Theorem 3 is complete. Now we are in stand for confirming Woodall's conjecture, which needs Theorem 3 and a well-known fact as following. Lemma 2.1. Let G be a 2-connected nonhamiltonian graph, C a longest cycle and H a component of G − C. If there is an (H, C)-fan with at least k edges, then c(G) ≥ 2k.
Proof of Theorem 2. Let C be a longest cycle of G. By the condition n 2 + k ≤ n, we infer |G| ≥ 2k. If C is a Hamilton cycle, then we have |C| ≥ 2k. So G is not Hamiltonian. Let H = {H 1 , H 2 , . . . , H t } be a collection of all components of G − C. If there exists an integer i ∈ [1, t] , such that H i contains at least |H i |+1 2 vertices of degree at least k in G, then by Theorem 3, there is an (H i , C)-fan with at least k edges. By Lemma 2.1 we have |C| ≥ 2k. So, H i contains at most |H i | 2 vertices of degree at least k for each i ∈ [1, t] . Thus, the number of vertices of degree at least k in G is at most
It follows |G|+|C| 2 ≥ |G| 2 + k, and this implies |C| ≥ 2k, completing the proof of Theorem 2.
On a conjecture of Bermond
Generalizing the classical degree conditions for Hamilton cycles, Bermond [3] proposed the following conjecture. The conjecture was recalled in Dean and Fraisse [9] , and also listed as a conjecture in a monograph of Bollobás (see [4, Conjecture 32, pp. 296]).
Conjecture 2 (Bermond [3] ). Let G be a 2-connected graph with vertex set V = {x i : 1 ≤ i ≤ n} and c be a positive integer. If for any pair of vertices x i , x j , i < j, one of the following holds:
With the help of Theorem 2, we can obtain a partial solution to Conjecture 2.
Proof. In this proof, we say that a vertex is feasible if its degree is at least c 2 . We show that under the condition of Conjecture 2, G has at most c − 1 non-feasible vertices. If this is already proved, then G will have at least n 2 + ⌈ c 2 ⌉ feasible vertex (when n ≥ 3c − 1) and so c(G) ≥ c by Theorem 2.
We first show that there exists a non-feasible vertex, say x i , such that d(x i ) ≤ i. Indeed, if not, then every non-feasible vertex x k satisfies that k < d(x k ) < c 2 . So, there are at most ⌊ c 2 ⌋ − 1 non-feasible vertices, and we are done. Now we choose a non-feasible vertex x i with d(x i ) ≤ i and i is as small as possible. Suppose first that i < c 2 . In this case, every non-feasible vertex x j satisfies that either j < c − i or
, then the pair (x i , x j ) satisfies none of the conditions (1)- (5) . It follows that there are at most |{x j :
. Let x j be a non-feasible vertex other that x i . If j < i, then by the choice of x i , we have j ≤ d(x j ) < c 2 , i.e., j ≤ ⌊ c 2 ⌋ − 1. If j > i, then x i x j ∈ E(G) (for otherwise the pair (x i , x j ) satisfies none of the conditions (1)-(5)). It follows that there are at most |{x j :
The proof is complete.
Another applications of Theorems 1 and 2
In this subsection, we present several other consequences of Theorem 1. A famous consequence of Menger's theorem is known as Fan Lemma.
Then there are k internally disjoint paths from v to Y whose termini are distinct.
The following is a variant of Fan Lemma for 2-connected graphs, which is a corollary of Theorem 1.
Theorem 6. Let G be a 2-connected graph, C a cycle of G, and H a component of G − C. If each vertex in H has degree at least k in G, then there is an (H, C)-fan with at least k edges.
We point out that Fujisawa et al. [14] proved a stronger theorem than Theorem 6. Bazgan, Li and Woźniak [2] confirmed the famous Loebl-Komlós-Sós conjecture for paths. Their result is a direct corollary of our Theorem 1.
Theorem 7 (Bazgan, Li, Woźniak [2] ). Let G be a graph on n vertices. If there are at least n 2 vertices of degree at least k, then G contains a path of length at least k.
Proof. We only need to prove the theorem for the case of G being connected. Let G ′ be obtained from G by adding a new vertex x and joining x to all vertices in G. Then G ′ is 2-connected. If every vertex in G has degree at least k, then choose y ∈ V (G) arbitrarily; otherwise, choose y ∈ V (G) such that Theorem 2 can imply two classical theorems and a generalization under an independent set condition.
Theorem 9 (Dirac [10] ). Let G be a 2-connected graph on n vertices. If the degree of every vertex is at least k, then c(G) ≥ min{n, 2k}.
Theorem 10 (Erdős, Gallai [11, pp. 344], Bondy [5] ). Let G be a 2-connected graph on n vertices. If the degree of every vertex other than one vertex is at least k, then c(G) ≥ min{n, 2k}.
Theorem 11. Let k, s ≥ 1 and G be a 2-connected graph on n ≥ 2k(s + 1) vertices. If the degree of one vertex in any independent set of size s + 1 is at least k, then c(G) ≥ 2k.
Proof. Let I be a maximal independent set such that for every vertex u ∈ I, d(u) < k. By condition we have |I| ≤ s. For any vertex v / ∈ u∈I N [u], we have d(v) ≥ k by the choice of I. It follows that there are at least |G| − u∈I |N [u]| ≥ n − ks ≥ n 2 + k vertices of degree at least k. Theorem 11 follows from Theorem 2.
Theorem 11 implies Fournier and Fraisse's theorem for large graphs.
Theorem 12 (Fournier, Fraisse [13] ). Let G be an s-connected graph on n vertices where s ≥ 2. If the degree sum of any independent set of size s + 1 is at least m, then c(G) ≥ min{ 2m s+1 , n}.
Proof of Theorem 1
In this section, we prove Theorem 1. We first introduce the concept of Kelmans operation and prove a lemma. Let G be a graph and
The operation was originally studied by Kelmans in [16] . It is also called edge-switching and is a powerful tool for solving problems on long cycles and cycle covers of graphs (e.g. [12, 22] ).
Let G and G ′ be two graphs of order n. Assume τ (G) = (d 1 , d 2 , . . . , d n ) and τ (G ′ ) = (d ′ 1 , d ′ 2 , . . . , d ′ n ) are non-increasing degree sequences of G and G ′ , respectively. If there exists an integer j such that
We have the following lemma.
and the degrees of all other vertices are not changed. It follows τ (G ′ ) > τ (G).
(ii) Assume P is an (x, y)-path of length at least k in G ′ . If P does not pass through v, then it is also a path in G and we are done. Thus we only consider the case where P passes through v. Let v − and v + be the predecessor and successor of v on P .
If v = y, then we set
Otherwise, v / ∈ {x, y}. In this case, we set
Clearly P ′ is an (x, y)-path of G of length at least k in each case. We now consider the case where P also passes through u. Without loss of generality, we assume that x, v, u, y are in order along P . Note that v = y. Let u − , u + be the predecessor and successor of u on P , respectively. We define a new path as follows:
Then P ′ is an (x, y)-path in G of length at least k.
The following lemma will be used frequently in the proof of Theorem 1.
Now we prove Theorem 1.
Proof of Theorem 1. We prove the theorem by contradiction. Let G be a counterexample to Theorem 1 such that: (i) |G| is minimized; (ii) |E(G)\{xy}| is minimized, subject to (i); (iii) the degree sequence τ (G) = (d 1 , d 2 , . . . , d n ) is the largest, subject to (i), (ii).
We claim that xy ∈ E(G); if not, let G ′ := G + xy (in the usual meaning). Note that if G contains no (x, y)-path of length at least k, then G ′ contains no (x, y)-path of length at least k. However, G ′ satisfies (i)(ii) and τ (G ′ ) > τ (G), a contradiction.
We say that a vertex
(The two vertices x and y are neither feasible nor non-feasible.) We also say that G has a feasible (x, y)-path, if the path has length at least k.
feasible vertices, then by choice condition (i), there is an (x, y)path of length at least k in G i , and also in G, a contradiction. So S i contains at most |S i | 2 feasible vertices for any i ∈ [1, t] , and there are at most t i=1
feasible vertices in V (G), a contradiction.
Proof. Since G is 2-connected, G has an (x, y)-path of length at least 2. This solves the case of k ≤ 2. Suppose k = 3. If G has no (x, y)-path of length at least 3, then G is the complete 3-partite graph K 1,1,n−2 (recall that xy ∈ E(G)); but no vertex in V (G)\{x, y} has degree at least 3, a contradiction. This shows that k = 3. Now assume k = 4. If there is a vertex, say u, nonadjacent to x and y, then any (x, y)-path passing through u is of length at least 4 (such a path exists by Menger's theorem). So, every vertex is adjacent to either x or y. By Claim 1, G − {x, y} is connected. Suppose that G − {x, y} contains a cycle, say C. By Fan Lemma, we can choose P 1 , P 2 as two vertex-disjoint paths from C to x, y, respectively, then P 1 ∪ C ∪ P 2 contains an (x, y)-path of length at least 4. If G − {x, y} has a path P of length 3, let u, v be the two end-vertices of P . If ux, vy ∈ E(G) or uy, vx ∈ E(G), then there is an (x, y)-path of length 5. So, assume without loss of generality, that both u, v ∈ N (x). Thus C = P [u, v]vxu is a cycle of length 5. Let P ′ be a path from P to y. Then P ′ ∪ C contains an (x, y)-path of length at least 4. So a maximal path of G − {x, y} is of length at most 2. We infer G − {x, y} is a star K 1,n−3 . The star contains no feasible vertex for n ≤ 4; and contains only one feasible vertex for n ≥ 5, a contradiction.
We divide the proof into two cases.
For any vertex in V (G)\{u}, it has the same degree in G ′ as that in G. Note that x, y = u, G ′ is 2-connected and there at least |G ′ |−1 2 vertices of degree at least k. By the choice of G, G ′ has an (x, y)-path P of length at least k. 
then G ′′ is obtained from G ′ − u by adding the vertex u and at least two edges incident to u, so G ′′ is 2-connected as well.
Furthermore, we have either |G ′′ | < |G|, or τ (G ′′ ) > τ (G) by Lemma 3.1(i). Note that for any vertex w ∈ V (G)\{u} (including v), we have d G ′′ (w) ≥ d G (w). Since u is non-feasible, there are also at least |G ′′ |−1 2 feasible vertices in G ′′ . By the choice of G, G ′′ (and so G ′ ) has an (x, y)-path of length at least k. By Lemma 3.1(ii), G has a feasible (x, y)-path, a contradiction. 
By Lemma 3.2(ii), G ′ − u is 2-connected. If d G ′ (u) = 1, then G ′′ = G ′ − u is 2-connected; if d G ′ (u) ≥ 2, then G ′′ = G ′ is obtained from G ′ − u by adding a vertex u of degree at least 2 in G ′ , and so G ′′ is 2-connected. In this case, either |G ′′ | < |G|, or τ (G ′′ ) > τ (G) by Lemma 3.1. Observe that for any vertex u ′ ∈ V (G)\{u}, we have d G ′′ (u ′ ) ≥ d G (u ′ ). It follows that there are at least |G ′′ |−1 2 vertices of degree at least k in G ′′ . By the choice of G, G ′′ has an (x, y)-path of length k. By Lemma 3.1, G has a feasible (x, y)-path, a contradiction. 
Observe that G − uv is 2-connected (recall that v is a cut-vertex of G − u). We shall show that v is feasible and each
Next, we aim to show that G ′′ is 2-connected. In order to prove this fact, we indeed suffice to show that
. . , v t } such that u is adjacent to at least two vertices in V (G ′ )\{u, v 1 , ..., v t } and v i is adjacent to {u, v} for i = 1, . . . , t. Thus, G ′′ is 2-connected.
By Lemma 3.1, either |G ′′ | < |G| or τ (G ′′ ) > τ (G). Note that every vertex in V (G)\{u, v, v 1 , . . . , v t } has the same degree in G ′′ as that in G. If G ′′ = G ′ , then v has degree in G ′ greater than that in G; if G ′′ = G ′ , then |G ′′ | ≤ |G| − 2. In both cases, there are at least |G ′′ |−1 2 vertices in V (G ′′ )\{x, y} with degree at least k. It follows that G ′′ (and then G ′ ) has an (x, y)-path of length at least k. By Lemma 3.1, there is a feasible (x, y)-path in G, a contradiction. Proof. We prove the claim for x. Suppose N (x 
y} is feasible, then it has degree at least k in G ′ as well, and by Erdős-Gallai Theorem [11] , G ′ has an (x ′ , y)-path P of length at least k. Thus,
is a clique, implying that G ′′ is 2-connected. Note that every feasible vertex in V (G ′ )\{x ′ , y} has degree at least k − 1 in G ′′ . There are at least |G|−1 2 − 1 = |G ′′ |−1 2 such vertices. It follows that G ′′ has an (x ′ , y)-path P of length at least k − 1. Thus, P ′ = xx ′ P is a feasible (x, y)-path in G, a contradiction. By symmetry, we can prove the statement for y. Proof. We prove the claim for x. Suppose that G − x is separable. By Claim 1, {x, y} is not a cut of G. This implies y is not a cut vertex of G − x. Let B be the unique block of G − x which contains y. Let Y = {y 1 , y 2 , . . . , y t } be the set of cut-vertices of G − x contained in B. Since the neighborhood of y i is not a clique, by Claim 3, y i is feasible. We remark that y i is possibly contained in more than two blocks of G − x. Let S i be the set of vertices of the components of G − {x, y i } not containing y,
Recall y is not a cut-vertex of G − x and d G−x (y) ≥ 2, so |B| ≥ 3. This implies that B has a (y i , y)-path of length at least 2.
We remark that possibly |Y | = 1.
Proof. Suppose that S i contains at least |S i |−1 2 feasible vertices. If S i contains 0, 1, or at least 2 nonfeasible vertices, respectively, then let T i ⊆ S i be a set of 0, 1, or exactly 2 non-feasible vertices. Let
Since the neighborhood of every non-feasible vertex is a clique, G ′ i is 2-connected by Lemma 3.2(iv). Note that every feasible vertex in S i has degree at least k − 2 in G ′ i . If |T i | ≤ 1, then all vertices in S i \T i have degree at least k − 2; if |T i | = 2, then there are at least |S i |−1
Let G ′ be the graph obtained from B by adding a new vertex x ′ , an edge x ′ y, and all t edges Proof. Suppose to the contrary. If there is a non-feasible vertex in N (x)\{y}, then let x ′ be such a vertex; if all vertices in N (x)\{y} are feasible and there are at least |G| 2 feasible vertices in V (G)\{x, y}, then choose x ′ ∈ N (x)\{y} arbitrarily. Let G ′ = G − x. By Claim 5, G ′ is 2-connected. Note that every feasible vertex in V (G ′ )\{x ′ , y} has degree at least k − 1 in G ′ . There are at least
such vertices. It follows G ′ has an (x ′ , y)-path P of length at least k − 1. Then P ′ = xx ′ P [x ′ , y] is a feasible (x, y)-path in G, a contradiction. If there is a vertex in N (y)\{x} that is non-feasible, then we can prove it similarly.
Claim 7. Let u be a non-feasible vertex. Then u and x have at least two common neighbors; so do u and y.
Proof. Suppose not. If u and x have exactly one common neighbor, then let x ′ ∈ N (x) ∩ N (u); if u and x have no common neighbor, then choose x ′ ∈ N (x)\{y} arbitrarily. By Claim 6, uy / ∈ E(G), so x ′ = y. Again, by Claim 6, x ′ is feasible.
By Claim 5, G − x is 2-connected. By Claim 3, the neighborhood of u is clique in G. Recall that u / ∈ N (x). Let G ′ := G − {x, u}. We infer G ′ is 2-connected by Lemma 3.2(iv). Since u and x have at most one common neighbor, every feasible vertex other than x ′ is adjacent to at most one vertex of {u, x}. It follows that every feasible vertex other than x ′ has degree at least k − 1 in G ′ , and hence there are at least |G|−1
So G ′ has an (x ′ , y)-path P of length at least k − 1. Then P ′ = P [y, x ′ ]x ′ x is a feasible (x, y)-path in G, a contradiction. The other assertion can be proved by symmetry.
If all vertices in V (G)\{x, y} are feasible, by Erdős-Gallai Theorem, there is a feasible (x, y)-path in G. So there exist non-feasible vertices. Claims 6 and 7 tell us all non-feasible vertices in G are at distance 2 from x and y. In the following,
• let x ′ ∈ N (x) such that it has a non-feasible neighbor.
By the analysis above, such an x ′ always exists.
Note that every feasible vertex has degree at least k − 2 in G ′ . There are at least |G|−1
If |S i | = 1 then the vertex in S i is non-feasible (it has degree at most 3) and adjacent to y, contradicting Claim 6. So |S i | ≥ 2 for every i ∈ [1, t]. Proof. Note that every feasible vertex in S i has degree at least k − 1 in G i . If every vertex in S i has degree at least k − 1 in G i , then G i has an (x ′ , y)-path P of length at least k − 1. So P ′ = P [y, x ′ ]x ′ x will be a feasible (x, y)-path in G, a contradiction. Thus, S i contains a non-feasible vertex, say v i , for every i ∈ [1, t]. By Claim 7, x and v i have at least two common neighbors. Since v i is non-feasible and N (y)\{x} consists of feasible vertices, v i / ∈ N (y), and it follows x has a neighbor in S i for every i ∈ [1, t] . Notice that x ′ also has a neighbor in S i . So there is an (x, x ′ )-path of length at least 2 with all internal vertices in S i for any i ∈ [1, t] .
Suppose S i contains at least |S i | 2 feasible vertices. Let v i ∈ S i be a non-feasible vertex, and
i has an (x ′ , y)-path P of length at least k − 2. Let Q be an (x, x ′ )-path with all internal vertices in S j with j = i (by the analysis above, such a path exists). Then P ′ = P [y, x ′ ]Q[x ′ , x] is a feasible (x, y)-path, a contradiction.
feasible vertices, a contradiction. This proves Claim 8.
In the following, let x ′ be defined as in Claim 8. By Claim 8, y is contained in a unique block of G − {x, x ′ }, say B. Furthermore, recall that every non-feasible vertex has distance 2 from x by Claim 7. (This property will be used frequently in the rest of the proof.)
Obviously, to finish the proof, we only need to consider the cases according to whether B is an end-block of G − {x, x ′ } or not. The coming claim solves the first case. Proof. Suppose S i contains at least |S i | 2 feasible vertices. Let T i ⊆ S i be a set of 0, or 1 non-feasible vertex, if S i contains 0 or at least 1 non-feasible vertex, respectively. Let such vertices in V (G ′ )\{x ′′ , y}. So G ′ has an (x ′′ , y)-path P of length at least k − 2, and xx ′ x ′′ P is a feasible (x, y)-path in G, a contradiction. This proves Claim 9.
Let Y = {y 1 , y 2 , . . . , y t } be the cut vertices of G−{x, x ′ } contained in B. By Claim 9, |Y | ≥ 2. Let S i be the set of the vertices of the components of G − {x, x ′ , y i } not containing y, and G i = G[S i ∪ {x ′ , y i }]. If x ′ y i / ∈ E(G), then we add the edge x ′ y i to G i . Thus G i is 2-connected for i ∈ [1, t] . Note that every feasible vertex in S i has degree at least k − 1 in G i . If every vertex in S i is feasible, then G i has an (x ′ , y i )-path P of length at least k − 1. Let Q be a (y i , y)-path in B. Then P ′ = xx ′ P [x ′ , y i ]Q[y i , y] is a feasible (x, y)-path in G, a contradiction. Thus, every S i contains a non-feasible vertex. By Claim 7, x ′ y ∈ E(G) and yy i ∈ E(G) for every i ∈ [1, t] .
We claim that there is an (x, x ′ )-path of length at least 3 with all internal vertices in S i ∪ {y i }. If there are two nonadjacent edges connecting x and x ′ , respectively, with S i ∪ {y i }, then the assertion is trivial. So assume that v is the only vertex in S i ∪ {y i } adjacent to x (x ′ ). By Claim 6, v is feasible. Let v ′ be a non-feasible vertex contained in S i . Then v is the only possible common neighbor of x and v ′ , contradicting Claim 7. Thus as we claimed, there is an (x, x ′ )-path of length at least 3 with all internal vertices in S i ∪ {y i }, for all i ∈ [1, t].
Claim 10. |S i | = 2 for all i = 1, . . . , t.
Proof. Without loss of generality, suppose that |S 1 | = 2. Each vertex in S 1 has degree at most 4, and thus is non-feasible. By Claims 6 and 7, xy 1 ∈ E(G). Recall that we also have yy i ∈ E(G) for every i ∈ [1, t] .
Let G ′ be the graph obtained from G − ({x, x ′ } ∪ S 1 ), by adding all edges
Note that every feasible vertex in V (G ′ )\{y 1 , y} has degree at least k − 2 in G ′ . There are at least
such vertices. It follows that G ′ has a (y 1 , y)-path P of length at least k − 2. Let y 1 v be the first edge of P .
If v ∈ V (B), i.e., y 1 v is not an edge in E(G ′ )\E(G), then let Q be an (x ′ , y 1 )-path with all internal vertices in S 1 , and P ′ = xx ′ Q[x ′ , y 1 ]P [y 1 , y] is a feasible (x, y)-path in G, a contradiction. If v ∈ S i for some i ∈ [2, t], i.e., the edge y 1 v is an added edge, then x ′ v ∈ E(G). Let Q be a (y 1 , x ′ )-path with all internal vertices in S 1 . Then P ′ = xy 1 Q[y 1 , x ′ ]x ′ vP [v, y] is a feasible (x, y)-path in G, also a contradiction.
Note that if |S i | = 1, then the vertex in S i has degree at most 3, so it is non-feasible. Claim 11. If |S i | ≥ 3, then S i contains at most |S i |−3 2 feasible vertices.
Proof. Suppose that S i contains at least |S i |−2 2 feasible vertices. Let T i ⊆ S i be a set of 1, 2 or 3 nonfeasible vertices, if S i contains 1, 2 or at least 3 non-feasible vertices, respectively. Let G ′ i = G i − T i . Note that every feasible vertex in S i has degree at least k − 4 in G ′ i . If |T i | ≤ 2, then all vertices in S i \T i has degree at least k − 4; if |T i | ≥ 3, then at least |S i |−2 2 = |G ′ i |−1 2 vertices in S i \T i has degree at least k − 4. For any case G ′ i has an (x ′ , y i )-path P of length at least k − 4. Let j = i. Recall that y i y ∈ E(G) and there is an (x, x ′ )-path, say Q, of length at least 3 with all internal vertices in S j ∪{y j }. Then P ′ = Q[x, x ′ ]P [x ′ , y i ]y i y is a feasible (x, y)-path in G, a contradiction.
Finally we are completing the proof using the above two claims. Let G ′ be the graph obtained from G − ({x, x ′ } ∪ t i=1 S i ) by adding a new vertex x ′′ , an edge x ′′ y and all t edges x ′′ y i . Note that each feasible vertex in V (G)\({x, x ′ , y} ∪ {y i : |S i | ≥ 3} ∪ t i=1 S i ) has degree at least k − 2 in G ′ . By Claims 10 and 11, G ′ has at least
vertices of degree at least k − 2 in G ′ . Thus G ′ has an (x ′′ , y)-path P of length at least k − 2. Let x ′′ y i be the first edge of P . Note that G i has an (x ′ , y i )-path, say Q, of length at least 2. Then P ′ = xx ′ Q[x ′ , y i ]P [y i , y] is a feasible (x, y)-path in G. The proof of Theorem 1 is complete.
Concluding remarks
In this paper, we focus on a conjecture of Woodall on cycles and improvements of Erdős-Gallai Theorem on paths. We also use these as tools to give short proofs of known theorems and make progress on a conjecture of Bermond. In what follows, we discuss related problems, some of which shall motivate our future research. In 1985, Häggkvist and Jackson [15] suggested a strengthening of Woodall's conjecture.
Conjecture 3 (Häggkvist, Jackson [15] ). Let G be a 2-connected graph on n vertices. If G contains at least max{2k − 1, n+k 2 + 1} vertices of degree at least k, then G has a cycle of length at least min{n, 2k}.
Häggkvist and Jackson [15] constructed the following two classes of graphs. Let G 1 := K 2 ∨(K 2k−4 + K t ). Let H 1 := K k−1
where k ≥ 3 is odd and H 2 = K k+1 . Let G 2 be the graph obtained from one copy of H 2 and several disjoint copies of H 1 by joining each vertex in the K k−1 2 subgraph of H 1 to two fixed vertices of H 2 . One can see G 1 has 2k − 2 vertices of degree at least k and c(G 1 ) = 2k − 1; G 2 has n+k+1 2 vertices of degree at least k and c(G 2 ) = 2k − 1. Thus, Conjecture 3, if true, will be sharp by these examples.
In a 2013 survey, Li [20, Conjecture 4.14] conjectured that for any 2-connected graph G of order n, there is a cycle of length at least 2k if the number of vertices of degree at least k is at least n+k 2 . The constructions G 1 and G 2 mentioned above disprove Li's conjecture.
In closing, we suggest the following conjecture, which is a generalization of Theorem 1. (Set α = 1 2 .) Conjecture 4. Let G be a 2-connected graph on n vertices and x, y ∈ V (G). Let 0 < α ≤ 1 2 . If G − {x, y} contains more than α(n − 2) vertices of degree at least k, then G contains an (x, y)-path of length at least 2αk.
For any rational number α, we choose k such that α(k − 1) is an integer. Let H = K α(k−1) ∨ K (1−α)(k−1) . Let G be obtained from t copies of H, by adding two new vertices {x, y} and all possible edges between {x, y} and the K α(k−1) subgraph of each H. The number of vertices of degree at least k in G is α · (|G| − 2) and a longest (x, y)-path is of length 2α(k − 1). This example shows that Conjecture 4 is sharp for infinite values of integers n and k.
If Conjecture 4 is true, we can make partial progress on Conjecture 3.
